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Generation of large-scale magnetic fields in inflationary cosmology is studied in teleparallelism,
where instead of the scalar curvature in general relativity, the torsion scalar describes the gravity
theory. In particular, we investigate a coupling of the electromagnetic field to the torsion scalar dur-
ing inflation, which leads to the breaking of conformal invariance of the electromagnetic field. We
demonstrate that for a power-law type coupling, the current magnetic field strength of ∼ 10−9 G on
1 Mpc scale can be generated, if the backreaction effects and strong coupling problem are not taken
into consideration.
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1. Introduction
The phenomenon that the accelerated expansion of the current universe has been suggested by
various recent cosmological observations including Type Ia Supernovae, baryon acoustic oscillations,
large scale structure, cosmic microwave background (CMB) radiation (e.g., [1]), and weak lensing.
Provided that the universe is homogeneous, two representative procedures to account for the late time
acceleration of the universe: (i) To introduce dark energy (for a recent review, see, e.g., [2]) and (ii) To
modify gravity such as F(R) gravity [3, 4]. Among the latter approaches, “teleparallelism” [5, 6] has
recently been explored. It is written with the torsion scalar T , which is constructed by the Weitzenbo¨ck
connection, and as a result, the action is expressed by T , although general relativity is described by
the scalar curvature R, which is constructed by the Levi-Civita connection. In f (T ) gravity, the current
accelerated expansion of the universe as well as inflation can be realized [7–10], as in F(R) gravity.
While, in galaxies magnetic fields with ∼ 10−6 G on the coherence scale 1–10 kpc are observed.
Furthermore, in clusters of galaxies, there exist large-scale magnetic fields with 10−7 – 10−6 G on
10 kpc–1 Mpc scale. The origin of cosmic magnetic fields including such large-scale magnetic fields
in clusters of galaxies has not been well resolved yet. (for reviews, see, e.g., [11–14]). Electromag-
netic quantum fluctuations at the inflationary stage [15] are considered to be the most natural mech-
anism to generate the large-scale magnetic fields. The reason is that inflation can make the scale
of quantum fluctuations of the electromagnetic field extended. Moreover, according to the Quan-
tum Electrodynamics of the curved space-time, thanks to one-loop vacuum-polarization effects [16],
a non-minimal gravitational coupling between the scalar curvature to the electromagnetic field can
emerge. This breaks the conformal invariance of it, and eventually its quantum fluctuations are pro-
duced. Thus, large-scale magnetic fields can be generated at the current time [15, 17–21]. In this
1
paper, we review our results obtained in Ref. [22]. In teleparallelism, we examine the generation of
large-scale magnetic fields in inflationary universe. We consider the case that a non-minimal coupling
between the torsion scalar to the electromagnetic field. We show that for a power-law coupling, the
magnetic fields whose current strength is ∼ 10−9G on 1Mpc scale can be generated. We use units of
kB = c = ~ = 1 and adopt the Heaviside-Lorentz units of electromagnetism. In addition, we denote the
gravitational constant 8πG by κ2 ≡ 8π/MPl2 with the Planck mass of MPl = G−1/2 = 1.2 × 1019GeV.
2. Non-minimal coupling of the Maxwell theory to the torsion scalar
To begin with, we explain formulations of teleparallelism. In teleparallelism, orthonormal tetrad
components eA(xµ) are used. Here, at each point xµ of a manifold, an index A(= 0, 1, 2, 3) is for the
tangent space. The metric gµν is described as gµν = ηABeAµeBν with µ and ν (= 0, 1, 2, 3) coordinate
indices on the manifold, and therefore eµA make its tangent vector. The torsion and contorsion tensors
are defined by T ρµν ≡ eρA
(
∂µe
A
ν − ∂νeAµ
)
and Kµν ρ ≡ − (1/2)
(
Tµν ρ − T νµ ρ − T µνρ
)
, respectively. The
torsion scalar is constructed as T ≡ S µνρ T ρµν with S µνρ ≡ (1/2)
(
Kµν ρ + δ
µ
ρ Tαν α − δνρ Tαµ α
)
. In
teleparallelism, the Lagrangian density is represented by the torsion scalar T , whereas that in general
relativity, namely, the Einstein-Hilbert action, is written with the scalar curvature R. Consequently, in
teleparallelism the action is given by
S Tel =
∫
d4x|e|
[ T
2κ2
+LM
]
, (1)
with |e| = det
(
eAµ
)
=
√−g and LM the matter Lagrangian. We assume the flat Friedmann-Lemaıˆtre-
Robertson-Walker (FLRW) background with the metric ds2 = dt2 − a2(t)dx2 = a2(η)
(
−dη2 + dx2
)
,
where a is the scale factor and η is the conformal time. In this case, gµν = diag(1,−a2,−a2,−a2) and
eAµ = (1, a, a, a). From these relations, we obtain T = −6H2 with H ≡ a˙/a the Hubble parameter,
where the dot means the time derivative of ∂/∂t.
Next, an action of a non-minimal I(T )-Maxwell theory is described by
S =
∫
d4x|e|
(
−1
4
I(T ) FµνFµν
)
, (2)
with I(T ) a function of T and Fµν = ∂µAν − ∂νAµ the electromagnetic field-strength tensor, where
Aµ is the U(1) gauge field. From this action, the equation of motion for the electromagnetic field is
given by −1/√−g∂µ
[√−gI(T )Fµν] = 0. In the FLRW background, by using the Coulomb gauge of
A0(t, x) = 0 and ∂ jA j(t, x) = 0, the equation of motion for the U(1) gauge field reads ¨Ai(t, x) +[
H +
(
˙I(T )/I(T )
)]
˙Ai(t, x) −
(
1/a2
) (3)
∆ Ai(t, x) = 0 with
(3)
∆ the Laplacian in the three-dimensional
space. In addition, we quantize the U(1) gauge field. The equation for the Fourier mode A(k, t) be-
comes ¨A(k, t) +
(
H + ˙I/I
)
˙A(k, t) +
(
k2/a2
)
A(k, t) = 0 and the normalization condition is expresses
as A(k, t) ˙A∗(k, t) − ˙A(k, t)A∗(k, t) = i/ (Ia). With the conformal time η, the above equation for A(k, t)
is described as A′′(k, η) + (I′/I) A′(k, η) + k2A(k, η) = 0. Here, the prime denotes the derivative with
respect to η of ∂/∂η. By applying the WKB approximation to the subhorizon scales and using the
long-wavelength approximation on superhorizon scales, and matching these solutions at the horizon
crossing, we can find an approximate analytic solution for the above equation of A(k, t) [20]. For the
de Sitter space-time, we have a = 1/(−Hη) and −kη = 1 at the horizon-crossing time with H = k/a. In
terms of the subhorizon (superhorizon) scales, k|η| ≫ 1 (k|η| ≪ 1). It is also satisfied for the generic
slow-roll inflation, namely, almost exponential inflation. In the short-wavelength limit k/ (aH) ≫ 1, it
is considered that the vacuum approaches the Minkowski vacuum asymptotically, so that the WKB so-
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lution for the subhorizon modes can become Ain(k, η) =
(
1/
√
2k
)
I−1/2e−ikη. On the other hand, by us-
ing the long-wavelength expansion in k2, we acquire the solution on the superhorizon scales Aout(k, η).
Matching it with the WKB solution for the subhorizon modes at the time of the horizon crossing of
η = ηk ≈ 1/k, we find Aout(k, η) = A1(k) [20], i.e., an approximate solution at the lowest order. Pro-
vided that after inflation, the instantaneous reheating occurs at eta = ηR. The proper magnetic field
is written by Biproper(t, x) = a−1Bi(t, x) = a−2ǫi jk∂ jAk(t, x) with Bi(t, x) the comoving magnetic field
and ǫi jk the totally antisymmetric tensor (ǫ123 = 1). Hence, the magnetic field spectrum is represented
as |Bproper(k, η)|2 = 2
(
k2/a4
)
|A(k, η)|2 = 2
(
k2/a4
)
|A1(k)|2. Here, the factor 2 coming from the two
polarization degrees of freedom has been taken into consideration. The energy density of the Fourier
modes of the magnetic fields reads ρB(k, η) = (1/2)|Bproper(k, η)|2I(η). Using the phase-space density
of 4πk3/(2π)3, the energy density of the magnetic fields per unit logarithmic interval of k becomes
ρB(k, η) ≡ (1/2)
[
4πk3/ (2π)
]
|Bproper(k, η)|2I(η) =
[
k|A1(k)|2/
(
2π2
)] (
k4/a4
)
I(η). Thus, the density
parameter and its spectral index are expressed as [20] ΩB(k, η) =
(
ρB(k, ηR)/ργ(ηR)
)
(I(η)/I(ηR)) =[
k4/
(
T 4Ra
4
R
)] [
15k|A1(k)|2/
(
Neffπ4
)]
I(η) and nB ≡ (d lnΩB(k)/d ln k) = 4+ d ln k|A1(k)|2/d ln k. Here,
we have used the following quantities at the reheating stage of η = ηR: ργ(ηR) = Neff
(
π2/30
)
T 4R [23]
is the energy density of radiation, TR is the reheating temperature, aR is the scale factor, and Neff
is the effective massless degrees of freedom thermalized during reheating. To demonstrate an es-
timation of the magnetic field strength quantitatively, the specific form of [20] I(η) = I∗ (η/η∗)−β
with η∗ a fiducial time during inflation, I∗ the value of I at η = η∗, and β a positive constant.
Since β > 0, I monotonically increases at the inflationary stage. In this case, we have k|A1|2 =[
1/ (2I(ηk))] ∣∣∣1 − (β + 2i) / [2 (β + 1)]∣∣∣2 ≡ A/ (2I(ηk)) with A a constant of O(1). By using I(ηk) ∝ kβ
and I(η0) = 1, the density parameter of the magnetic fields at the current time η0 reads ΩB(k, η0) =[
k4/
(
T 4Ra
4
R
)] [
15A/
(
2Neffπ4I∗
)]
(ηk/η∗)β with nB = 4−β. For a very small value of I∗, β ∼ 4, namely,
the spectrum becomes nearly scale-invariant, so that the generated large-scale magnetic fields can
be strong. Also, the density parameter of the magnetic fields at the present time is expressed as [20]
ΩB(k, η0) = A (Neff/1080)
(
TR/ ˜MPl
)4 (−kηR)4−β (1/I(ηR)), where we have used a2Rη2R ≈ H−2R with HR
the Hubble parameter at the reheating stage and the Friedmann equation during reheating 3H2R/ =
ργ(ηR)/ ˜M2Pl with ˜MPl = MPl/
√
8π = 1/κ. Moreover, the term (−kηR) is represented as [24] −kηR =
k/ (aRHR) ≃ (1.88/h) 104 (L/[Mpc]) (TR/T0) (H0/HR) = 5.1 × 10−25N−1/2eff ( ˜MPl/TR) (L/[Mpc])−1.
Here, in deriving the third equality, we have used H−10 = 3.0 × 103 h−1 Mpc and T ∝ a−1. More-
over, when we obtain the last equality, we have used the Friedmann equation 3H2R/ = ργ(ηR)/ ˜M2Pl
with ργ(ηR) = Neff
(
π2/30
)
T 4R, T0 = 2.73 K and H0 = 2.47h × 10−29 K [23] with h = 0.7 [25, 26].
The magnetic fields at the present time are written by |B(η0)|2 = 2ρB(η0) = 2ΩB(η0, k) ργ(η0) with
ργ(η0) ≃ 2 × 10−51 GeV4 and 1 G = 1.95 × 10−20 GeV2. Hence, we find [24]
|B(η0, L)| = 2.7
[
7.2
(5.1)4π
]β/8
× 10−56+51β/4N(β−4)/8
eff
√
A I(η0)
I(ηR)
(
HR
MPl
)β/4 ( L
[Mpc]
)β/2−2
G . (3)
At the instantaneous reheating stage, HR as TR =
[
90/
(
8π3Neff
)]1/4 √
MPlHR. Furthermore, from
tensor perturbations, we have a constraint on HR. From the Wilkinson Microwave Anisotropy Probe
(WMAP) five year data in the anisotropy of the CMB radiation [27], we acquire HR < 6.0 ×
1014GeV [28, 29]. For a power-law inflation a = a0 (t/t0)p, where p ≫ 1, and a0 and t0 are con-
stants, with η =
∫
(1/a) dt, we acquire t/t0 = [a0t0 (p − 1) (−η)]−1/(p−1). If the coupling is a power-
law type as I(T ) = (T/T0)n with T0 a current value of T and n(, 0) a non-zero constant, by using
T = −6H2 and H = p/t, we have I(η) = (−6/T0)n (p/t0)2n [a0t0 (p − 1)]2n/(p−1) (−η)2n/(p−1) and
β = − (2n) / (p − 1). When Neff = 100, HR = 1.0 × 1014GeV, i.e., TR = 8.6 × 1015GeV, L = 1Mpc,
3
A = 1, I(ηR) = I(η0), and β = 4.2 (namely, p = 10 and n = −18.9), we obtain |B(η0, L = 1 Mpc)| =
2.5×10−9 G. Furthermore, for the above values except HR = 1.0×1010GeV, i.e., TR = 8.6×1013GeV,
and β = 4.6 (that is, p = 10 and n = −19.7), we find |B(η0, L = 1 Mpc)| = 2.3 × 10−9 G. We caution
that I(T ) evolves at the inflationary stage, and after instantaneous reheating it does not change any
more as I(ηR) = I(η0).
3. Summary
We have explored the generation of large-scale magnetic fields from inflation in teleparallelism.
We have shown that when a power-law type coupling between the torsion scalar and the electromag-
netic field exists at the inflationary stage, the magnetic fields with those strength of ∼ 10−9 G on 1
Mpc scale can be generated. If there are the large-scale magnetic fields with such a strength, by the
adiabatic compression process without galactic dynamo, the magnetic fields observed in galaxies and
clusters of galaxies can be explained. Finally, we should caution that in this work, the backreaction
effects [30–33], namely, the energy density of the so-called inflaton field, which is a scalar field re-
sponsible for the realization of inflation, must be much larger than that of the electromagnetic fields
during inflation, and strong coupling problem are not included.
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